Abstract: The present article was developed for the economic order quantity (EOQ) inventory model under daytime, non-random, uncertain demand. In any inventory management problem, several parameters are involved that are basically flexible in nature with the progress of time. This model can be split into three different sub-models, assuming the demand rate and the cost vector associated with the model are non-randomly uncertain (i.e., fuzzy), and these may include some of the retained learning experiences of the decision-maker (DM). However, the DM has the option of revising his/her decision through the application of the appropriate key vector of the fuzzy locks in their final state. The basic novelty of the present model is that it includes a computer-based decision-making process involving flowchart algorithms that are able to identify and update the key vectors automatically. The numerical study indicates that when all parameters are assumed to be fuzzy, the double keys of the fuzzy lock provide a more accurate optimum than other methods. Sensitivity analysis and graphical illustrations are made for better justification of the model.
Introduction
The traditional economic order quantity (EOQ) model has been enriched with the help of modern researchers, by using a variety of approximations and methodologies to represent an uncertain world. Nash [1] started an initiative with the bargaining problem that is one of the pioneering articles in the field of decision-making for inventory management problems. In the deterministic field, it is quite outdated, but in the field of fuzzy environments, the problem itself offers some new routes in the final decision-making process.
Zadeh [2] was the first to develop the concept of the fuzzy set. Then, it was applied by Bellman and Zadeh [3] in decision-making problems. Since then, many researchers have been engaged in characterizing the actual nature of the fuzzy set [4] [5] [6] [7] [8] [9] . In this context, Diamond [10, 11] has discussed both k-type fuzzy numbers and star-type fuzzy numbers. A means of finding the membership of general fuzzy numbers was also developed by Chutia et al. [12] . Roychoudhury and Pedrycz [13] provided the functional relationship among fuzzy complements. In addition, fuzzy control theory was enriched by Bobylev [14, 15] with the help of the Cauchy problem. Buckley [16] discussed the generalization of fuzzy sets for practical applications. To date, a number of researchers, including Roy and Maji [17] , Molodtsov [18] , Cagman et al. [19] , etc., have studied fuzzy soft sets; fuzzy rough sets were developed by Pawlak [20] , and hesitant fuzzy sets have been improved by Torra [21] , Karmakar et al. [22] , De and Sana [23] , etc., in real-world final decision-making problems. µ : R × N → [0, 1]. Now as n → ∞ if µ(x, n) → 1 for some x ∈ R and n ∈ N then the set Ã is called dense fuzzy set. If Ã is triangular then it is called TDFS. Now, if for some n in N, µ(x, n) attains the highest membership degree 1 then the set itself is called "Normalized Triangular Dense Fuzzy Set" or NTDFS. Remark 2. Figure 2 shows initially the span of triangular fuzzy components are higher, but as the learning experiences progress, the components become closer and the membership degree will never reach 1.
Implication of TDFLS in Inventory Management Problems
In traditional inventory management problems, the demand rate assumes constant value from an infinite domain of instantaneous replenishment of the order quantities. However, modern research reveals that the demand rate might be non-random uncertain. Such uncertainty can be measured and gets concrete by means of learning experiences. The recent study on dense fuzzy set has been able to nullify the problem to some extent. However, though the decision-maker made a final decision prior to its application, in practice, during its process of execution, some situations arise (e.g., transportation problem, space problem, budget constraint, quantitative differences, etc.) for which the execution of the decision will have to stop instantly and consequently the decision-maker (DM) might wish to change the decision according to his/her needs. To capture the complexities of the problem the DM might have to choose the triangular dense fuzzy lock set (TDFLS) rule. With the help of TDFLS rule, any DM can overcome the problems of several parameters associated in an inventory by restricting them on lower and upper bounds immediately. Applying proper keys (which can be created from the bounds of the parameters) the DM can reach his/her expected goals.
Crisp Mathematical Model
Considering the needs of the present research on inventory management problems, after studying the up-to-date literature on the subject and incorporating several methodologies as preliminary concepts, the proposed mathematical model can be developed in the following way. Remark 2. Figure 2 shows initially the span of triangular fuzzy components are higher, but as the learning experiences progress, the components become closer and the membership degree will never reach 1.
Assumptions and Notations
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Crisp Mathematical Model
Considering the needs of the present research on inventory management problems, after studying the up-to-date literature on the subject and incorporating several methodologies as preliminary concepts, the proposed mathematical model can be developed in the following way.
Assumptions and Notations
The following notations and assumptions were used to develop the model. The definition of several costs has been added in the Appendix A. Assumption
1.
Replenishments are instantaneous 2.
The time horizon is infinite 3.
The sum of opening and closing time period is unity 4.
Shortages are not allowed 5.
Holding cost is uniform over the cycle time 6.
Average natural idle time (leisure/pause) cost is constant per unit idle time 7.
The security charge, telephone charge, transportation cost (if any) etc., beyond the working hours may be considered as the idle time cost.
Formulation of the Crisp Mathematical Model
The inventory starts at the beginning of the opening time duration t 1 with inventory setup cost b per cycle, holding cost c 1 per unit quantity per day and meets the demand quantity d per unit time throughout the day time. After that, it remains steady up to the closing time period t 2 incurring the holding cost c 1 and idle time cost i c per unit idle time also. Again, it starts from the next day opening time and hence it continues up to n + 1 days in similar manner. This problem can be modelled (Figure 3 ) in the following way:
The following notations and assumptions were used to develop the model. 
The inventory starts at the beginning of the opening time duration with inventory setup cost per cycle, holding cost per unit quantity per day and meets the demand quantity per unit time throughout the day time. After that, it remains steady up to the closing time period incurring the holding cost and idle time cost per unit idle time also. Again, it starts from the next day opening time and hence it continues up to + 1 days in similar manner. This problem can be modelled ( Figure  3 ) in the following way: The inventory holding cost (HC) can be obtained as
where
and
idle time cost PC = i c (n + 1)t 2 (6) and the cycle time t = (n + 1)(t 1 + t 2 ) = (n + 1)
Now, using Equations (3)- (7), the total average profit per cycle is given by
Now our problem is given by
Subject to the conditions (4), (5), and (7). Now problem (9) can be written as
Subject to the conditions (4), (5), and (7) where
Please note that, if t 2 → 0 then i c = 0, so Equation (8) reduces to
this is the case of classical EOQ model.
Fuzzy Mathematical Model
In many practical problems, several parameters associated in the model assume flexible values. Therefore, the demand rate, the several cost components, and both of them may assume fuzzy numbers. Consequently, the fuzzy model splits into three different models namely Model 1, Model 2 and Model 3, respectively, and they are stated as follows.
Model 1: When Demand Rate Assumes Dense Fuzzy Number
Since the demand rate (d) assumes flexibility in nature throughout an inventory process. Therefore, the objective function of the crisp model (10) can be reduced to
where f 1 and f 2 are given by (11) . Again, (10) can also be rewritten as
The membership function of the demand rate having m learning frequency of dense fuzzy set is given by
Now, the left and the right α−cuts of µ( d) are given by
However, utilizing (14) in (15) the membership functions of the fuzzy objective become
where the left and right α−cuts of µ( Z) are given by
Thus, as per Reference [23] the index value of the fuzzy objective is where M is the total number of turnovers (learning frequency) to achieve the maturity in learning experiences. Now, if the demand rate assumes triangular dense fuzzy lock set then its membership function will be
The left and right α−cuts of the µ d are
The corresponding index value is given by
Again utilizing (14) in (19) the membership function of the fuzzy objective becomes
Now the left and right α− cuts of µ Z are given by
The corresponding index value is
, the case of single key
, the case of general fuzzy number.
, the case of crisp model.
Discussion on various fuzzy models (i) Problem of Dense fuzzy model
Referring (11), (16), and (18) the problem can be formulated as
(ii) Problem of Dense fuzzy lock model Referring to (19) and (22), the problem can be formulated as
and the other parameters obtained in (23) . Please note that for single key
and the other parameters taken from (23). . If the lower bound is known, then
. For double keys the index value of A is given by I A =
, Therefore,
.
Numerical Example 1
Considering the data set studied by De and Sana [23] Satisfying the above condition let k 1 = 0.2 and k 2 = 0.175 and then the optimal solution of the several models can be put in Table 1 . Now in this section, considering the cost/price components as TDFLS to study whether it gives better results than that of demand rate for TDFLS or not. Before applying TDFLS rule the original crisp problem (9) can be reduced to
Now, if the cost vector takes a triangular dense fuzzy lock set then the corresponding average inventory profit becomes
for i = 0 , 1, 2 and 3. Therefore, as per De [34] , the index value of the fuzzy objective is given by
Thus, the crisp equivalent problem of the fuzzy objective (28) is
Max W Subject to the conditions (4), (5) and (27) with W = c 0 f 0 1 + 
gives the general fuzzy problem. (iii) If k 2i = k 1i = 1 and N ∞ for i = 0, 1, 2 and 3 then 
gives the problem of dense fuzzy lock model for double keys.
Corollary 2. Method of finding the keys of the fuzzy lock sets of cost vectors
As per De [34] , the keys of fuzzy cost vectors can be obtained from I( c i )
for i = 0, 1, 2, and 3 as N → ∞ which is coming from the left and right α-cuts that splits into 
Considering the data set studied by De and Sana [23] and let c 0 = 30, c 1 = 3.0, c 2 = 8.0, c 3 = 300, d 0 = 50, T = 30.. Here the bounds of the different cost vectors assumes as follows: And that for single key it becomes,
Now for practical purpose consider for single key
and that for double keys
which must satisfy the above constraints. Thus, the optimum average inventory profit is found in Table 2 . In this section, considering the demand rate and costs/prices all parameters as TDFLS to check whether this gives finer optimum than Model 1 and Model 2 or not. First of all Equation (9) can be simplified as follows.
Now, let the cost vector and demand rate both orient with a triangular dense fuzzy lock set and the corresponding average inventory profit is reduces to
for i = 0 , 1, 2 and 3 and d =
. Therefore, as per De [34] , the index value of the fuzzy objective is given by
Thus, the crisp equivalent problem of the fuzzy objective (36) is Max W Subject to the conditions(4 − 5), (35) and (37)
Particular cases
gives the general fuzzy problem. (iii) If k 2i = k 1i = 1 and N ∞ for i = 0, 1, 2, 3, and 4 then
gives the problem of dense fuzzy model. 
gives the problem of dense fuzzy lock model for single key. 
Numerical Example 3
Let the parameters assume the values which are used in the numerical Examples 1 and 2. Thus, solving (38), and the optimal result is obtained in Table 3 . Table 3 of Model 3 (when all parameters assume fuzzy) it was observed that for the same learning frequency and the same cycle time as obtained in the earlier cases, the profit function was the highest value under general fuzzy ($18,161.8), dense fuzzy ($17,705.93), lock fuzzy with single key ($19,519.68), and that for double key ($21,216.8) environment, respectively, with respect to the other models. Therefore, Model 3 gives the ultimate maximum value for the average profit function among other models.
Sensitivity Analysis
Since Model 3 gives over all optimum so the sensitivity analysis has been made for the double key parameters of the cost vector and demand rate also which are associated in the EOQ model. Considering the parametric changes from −50% to +50% for each of the keys taking one at a time and keeping others as constants the optimum result is obtained in Table 4 . Table 4 shows that whatever be the changes of demand rate and cost vectors within −50% to +50% of any keys, the profit function is ultimately increasing to a considerable average profit from 23.02% to 37.28% as well. It was also seen that the order quantity gets fixed value 81.22 units for the change of the key vectors of the several cost components. Although the order quantity gets a range of variation from 79.09 units to 87.59 units for the change of demand rate alone. However, it was observed that the optimum cycle time be 3 days (= n + 1) in all the cases with respect to the learning frequency 4.
Solution Procedure for Dense Fuzzy Lock Set Model
To get the optimum value of the objective function of the proposed model, a computer-based algorithm and flow chart can be included in the following manner.
Solution Algorithm and Flow Chart over Dense Fuzzy Lock Set Model
The solution algorithm is stated as follows: Remark 3. Based on proposed algorithm the flow chart has been drawn. From the input data the crisp problem has been solved first. After that, general fuzzy methodology has been employed on demand, cost parameters, and both demand and cost parameters separately; take maximum value (since it is a profit function) after optimizing them and compare this value with crisp optimum to get maximum among them. Then dense fuzzy methodology has been applied in a similar way to get optimum value among them. Thereafter dense fuzzy with single key and finally dense fuzzy with double key have been utilized to get finer optimum. After applying all fuzzy environments in the proposed model, all maximum values have been ordered to get final profit value.
Graphical Illustration
Several graphs have been drawn utilizing the data (Tables 1-4) . A comparative discussion over Model 1, Model 2 and Model 3 (shown in Figure 4 ) has been done using the data set of Tables 1-3. Figure 5 has been drawn using the data of the sensitivity analysis (Table 4) . 
Several graphs have been drawn utilizing the data (Tables 1-4) . A comparative discussion over Model 1, Model 2 and Model 3 (shown in Figure 4 ) has been done using the data set of Tables 1-3. Figure 5 has been drawn using the data of the sensitivity analysis (Table 4 ). Figure 5 shows the average inventory profit assumes minimum value for crisp sense and that gets maximum value for dense fuzzy lock of double keys environment throughout the Model 1, Model 2 and Model 3 exclusively. This study also reveals that general fuzzy environment gives supremum average profit value than that of dense fuzzy environment. However, the dense fuzzy lock environment of single key always corresponds to the finer average profit function than all other cases except the cases of fuzzy lock of double keys. Figure 5 shows the average inventory profit assumes minimum value for crisp sense and that gets maximum value for dense fuzzy lock of double keys environment throughout the Model 1, Model 2 and Model 3 exclusively. This study also reveals that general fuzzy environment gives supremum average profit value than that of dense fuzzy environment. However, the dense fuzzy lock environment of single key always corresponds to the finer average profit function than all other cases except the cases of fuzzy lock of double keys. Figure 6 shows that the average profit value of Model 3 gets almost insensitive when unit selling price and idle time cost get values from −50% to +50% separately. Moreover, the profit value assumes remarkable variation when the holding cost, set up cost, and demand rate changes from −50% to +50% separately. Thus, the basic managerial insight is to have more profit and the parameters like unit holding cost, set up cost, and demand rate of the inventory process might decrease up to 50% all the time. Figure 5 shows the average inventory profit assumes minimum value for crisp sense and that gets maximum value for dense fuzzy lock of double keys environment throughout the Model 1, Model 2 and Model 3 exclusively. This study also reveals that general fuzzy environment gives supremum average profit value than that of dense fuzzy environment. However, the dense fuzzy lock environment of single key always corresponds to the finer average profit function than all other cases except the cases of fuzzy lock of double keys. 
Conclusions
Natural idle time is an emergent situation in any kind of inventory management problem. This idle time can be considered by means of usual closing time duration per day. Also due to the huge pressures of population in each and every country in the world, the market itself creates large demands for essential commodities which are used in daily life. However, the capacity of production as well as natural resources and the capital involved to run the inventory process are also limited to some extent. Therefore, it is natural that any one commodity may not be available whenever it is demanded. In such cases, the exact decision can be made with the help of controlling the key vector of the corresponding fuzzy locks. Such kind of behavior representing the counterpart of the learning experiences of the management process which are genuinely modern trends of any enterprises of inventory management. Thus, the basic novelties of this article are:
(a) Inventory problems should be optimized with the help of dense fuzzy lock set rules instead of dense fuzzy rules. (b) Double key vectors may be able to maximize the average profit function instead of taking single key vectors for managerial decision-making. (c) Optimum results can be checked and updated through a computer-based algorithm.
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